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Abstract. A commutative local ring is generally defined to be a complete 
intersection if its completion is isomorphic to the quotient of a regular local 
ring by an ideal generated by a regular sequence. It has not previously been 
determined whether or not such a ring is necessarily itself the quotient of a 
regular ring by an ideal generated by a regular sequence. In this article, it is 
shown that if a complete intersection is a one dimensional integral domain, then 
it is such a quotient. However, an example is produced of a three dimensional 
complete intersection domain which is not a homomorphic image of a regular 
local ring, and so the property does not hold in general. 



Introduction 

Let R be a commutative local Noetherian ring, and let R denote the completion 
of R with respect to the topology defined by the maximal ideal of R. Let us say that 
the absolute definition of R being a complete intersection is that R is isomorphic to 
the quotient of a regular local ring by an ideal generated by a regular sequence, and 
let us say that the formal definition of R being a complete intersection is that R 
is a complete intersection in the absolute sense. The formal definition of complete 
intersection was given in 1967 by Grothendieck in [G] 19.3.1]. Since completion 
with respect to the maximal ideal of a Noetherian local ring defines a faithfully flat 
functor, this definition works well for most applications and has been predominantly 
adopted in recent years as the definition of complete intersection in commutative 
ring theory. Nevertheless, the absolute definition also occurs frequently in the 
literature. In spite of one's preference of definition, it has remained a bane that it 
is unknown whether the absolute and formal notions of complete intersection are 
in fact equivalent. In this paper we give answers which shed light on this question. 

In Section 1 below we show that the two notions are the same when R is a one di- 
mensional integral domain (of arbitrary codimension). On the other hand, we show 
in Section 2 by way of example that there are commutative local Noetherian rings 
R whose completion is isomorphic to the quotient of a regular local ring modulo an 
ideal generated by a regular sequence, but the ring itself is not the homomorphic 
image of a regular local ring. We note that it is well-known (see, for example, [Gj 
19.3.2]) that if R is a complete intersection in the formal sense, then it being the 
homomorphic image of a regular local ring is equivalent to it being a complete in- 
tersection in the absolute sense. In the example, R — R[[x, y, z, w]]/ (x 2 + y 2 ), and 
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so R is an integral domain of dimension three. The main question thus remains 
unanswered when R is of dimension 2, or dimension 1 and not an integral domain. 
The proofs in both Sections 1 and 2 rely on the following basic theorem. 

Theorem. Consider a diagram of commutative local ring homomorphisms 

T 



R 

where (T, m) is a complete regular local ring with dimension equaling the embedding 
dimension of R, and tt is surjective with kernel generated by a regular sequence 
contained in m 2 . Then R is isomorphic to the quotient of a regular local ring by 
an ideal generated by a regular sequence if one can complete this diagram to a 
commutative diagram of local ring homomorphisms 

S ••• > T 



R *" R 

where S is a regular local ring containing a generating set ofkcm, whose completion 
is naturally isomorphic to T , and n\s is a surjection. The converse holds if R 
contains a field of characteristic zero. 

Proof. Of course only the last statement of the theorem is not obvious. To see the 
last statement, assume that R is isomorphic to S'/I' where S' is a regular local ring, 
and /' is an ideal of 5" generated by a regular sequence. Without loss of generality 
we can assume that the embedding dimensions of R and S' are the same. Let T' 
denote S'. By Cohen's structure theorem for complete local rings of characteristic 
zero, T" = F[[Xl, . . . , X n ]] where F = T/M is a coefficient field. We can harmlessly 
identify T" with its isomorphic copy and also write R = F[[x\, . . . , x n ]] where the 
surjection T" — > R is the obvious map taking Xi to Xi. We claim there exists an 
isomorphism tp : T' — > T such that the surjection T' — > R factors through ir. 
Assuming the claim, the subring S = <p(S') of T then completes the diagram in the 
desired fashion. 

To see the claim, we first construct a field E such that E C F is generated over 
Q by a set A of algebraically independent elements and such that F is algebraic 
over E. Let B C T be chosen so that tt\b ■ B — > A is a bijection. Then B 
is algebraically independent over Q and so K = Q(-B) is a field contained in T 
satisfying it\k ■ K — > E is an isomorphism. Now let L be the algebraic closure of 
K in the integral domain T. Then L is certainly a field. Since T — > T/M factors 
through 7r, T/M is algebraic over K and so L is necessarily a maximal subfield of 
T. Recalling the proof of Cohen's Theorem, this forces L to be a coefficient field 
of T and so we have T = L[[Yi, . . . , Y n ]] for some Y\, . . . , Y n 6 T. We can even 
choose Yi, ... ,Y n such that ir(Yi) = Xi for each i. The last key step is to see that 
7r(L) = F; for this, it is enough that ir(L) C F. Consider any e G L. Then, using 
separability, e satisfies an irreducible monic polynomial g(x) S K[Z] and we can 
factor g(Z) = (Z - e)h(Z) with h(Z) e L\Z\ and h(e) e L a unit. We have an 
injection n : L — > R given by the composition L — > R — > T/M — > F — > 
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R and we let g(Z),h(Z),g(Z),h(Z) G R[Z] denote the images of the respective 
polynomials under ir and tt respectively. It is obvious that g(Z) = g(Z), but 
we will not know h(Z) = h(Z) until we have actually proved our claim. Now 
= g(ir(e)) = g(ir(e)) — (ir(e) — Tr(e))h(it(e)). As h(n(e)) — h(jt{e)) is divisible by 
the non-unit 7r(e) — 7r(e), h(Tr(e)) is a unit and it follows that 7r(e) — 7r(e) = and 
indeed 7r(e) G F. Finally there is a unique homomorphism ip : T' — > T such that 
ip\F is the inverse of tt\l and ip(Xi) = Yi and this map is what we need to complete 
the proof of the claim. □ 

1. One Dimensional complete intersection domains are complete 

intersection domains 

In this section we prove the diagram of the theorem in the introduction can al- 
ways be completed provided R is a one dimensional integral domain. The following 
result from |H2j will help us find such an S. 

Proposition 1.1. ( |H2[ Proposition 1]) Let (S,mOS) be a quasi-local subring of a 
complete local ring (T, m) . Then S is Noetherian and the natural map S — > T is 
an isomorphism if and only if S — > T/m 2 is onto and IT OS = I for every finitely 
generated ideal I of R. 

We will refer to the condition that IT n S = I for every finitely generated ideal 
/ of R by saying that finitely generated ideals of R are closed (with respect to T). 

Lemma 1.2. Let (T,m) be a local ring and let fi, . . . , fk, s\, . . . , s n be a regular 
sequence in T. Set K = (fi, . . . , f k )T and B = T / K l+1 . Let {a 3 } be the set of 
all distinct monomials of degree i in the generators of K , and let Wj,~Si denote the 
respective images in B. If we have an equation J~] afuj + ^ b{Si = in B, for 
aj,bi E T, then for each j, there exists ctj G T with a.j G (s, . . . ,s n )B such that 

Proof. The equation J2®-j~<Jj + J2~biSi = yields J2 a j a j + S^ s « e K l+1 , As 
K t+1 = ({<Tj}T)K, we get an equation (aj + Cj)aj+J2 biSi = with each Cj G K. 
Now fix j and write o~j = Yi fi' ■ Every other oi is necessarily contained in the 
ideal (/r i+1 , . . . , ft" +1 )T and so fl] /f )K +c,) G (/f + 1 , . . . , /«* +\ s lt . . . , s n )T. 
As fi, . . . , fk, s±, . . . , s n is regular, it is a straightforward demonstration to see 
that Oj + Cj G (/i, . . . , fk, s\, . . . , s n )T. Since Cj G K, this gives that aj G 
(/i, . . . , f k , «i, . . . , s n )T = K + (s u . . . , s n )T. Since {K/K l+1 )a 3 = in B, the 
conclusion follows. □ 

Lemma 1.3. Let (T, m) be a Cohen- Macaulay complete local ring, let /i, . . . , fk be 
a regular sequence contained in m 2 , and set K = (/i, . . . , fk)T. Suppose that A is 
a local subring of T/K 1 whose completion is naturally isomorphic to T/K 1 , and R 
is a local subring of T/K whose completion is naturally isomorphic to T/K such 
that the natural map T/K 1 — > T/K induces a surjection A — > R. Assume that 
B is a quasi-local subring of T/K t+1 such that the following hold: 

(1) The natural map T / K l+1 — > T/K 1 induces a surjection B — > A, 

(2) f x + K l +\ ...,fk + K l+l G B, and 

(3) Ker(B — > T/K) = (/j + IC+\ ...,f k + K 1+1 )B. 

Then B is a local Noetherian ring whose completion is naturally isomorphic to 
T/K i+1 . 
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Proof. Let / ■ denote fj+K' l+1 for 1 < j < k. We first want to show that condition 
(3) above implies the condition 

(3') Kev(B^T/K i ) = (J 1 ...J k ) i B. 

The statement is trivial if i = 1. For i > 1, let x G Ker(B — > T/K % ). Since 
x G Ker(5 — >■ T/A') = (f 1} . . . J k )B, wc can write x = £ fy/,- for G B. Wc 
then have Y^^jfj <= K 2 / K l+l and it follows that G K/K i+1 for each j. So 
&j e Kcr(£? — > T/K) = (f 1 , . . . , J k )B. Let {ct]" i) } be the set of images in B of the 

distinct monomials of degree m in the /i, . . . , Then we can write a; = J] ^2,jcj 
where &2J G -B for all j, finishing the proof of the condition if i = 2. For i > 2, 
E 6 2,jcrf ' G K 3 /K 1+1 and it follows that 6 2 ,j G Ker(B — > T/K) for each j. This 
allows us to write x — E ^3-j <J ) where &3.j G -B for all j. Continuing in this way 

we arrive at x — E bij&j 1 ^ where bjj G £? for all j. That is a; G (f 1 , . . . , f k ) l B, as 
claimed. 

Thus for the rest of the proof we replace condition (3) by condition (3'), and 
continue to let fj denote fj +K' l+1 for 1 < j < k. Since T/IP+ 1 modulo the square 
of its maximal ideal is naturally isomorphic to T/m 2 , by Proposition 11.11 we just 
need to show that the map B — > T/m 2 is onto and that finitely generated ideals 
of B are closed in T/K l+1 . Since T/K 1, is naturally isomorphic to the completion 
of A, Proposition O yields that the map A — ► T/(m 2 + K l ) = T/m 2 is onto. It 
then follows from assumption (1) that the map B — > T/m 2 is also onto. 

We will now establish that finitely generated ideals of B are closed in T/K l+1 . 
Wc first show that all ideals of B which contain . . . , f k ) l B are closed. Suppose 
/ is an ideal of B containing . . . , f k ) l B and x G I(T/K %+1 ) n B. Since ideals 
in A are closed, we have x + (K j n B) E I + (K l n B)/(A' i n B). As B — > A is 
surjective, there exists y £ I such that y + (A 1 n B) = x + (K l n B). Next, as 
x = (x — y) + y, we may reduce to the case x E K l n B. Since (f 1 , . . . , f k ) l B C 7, 
Condition (3') tells us that x E I, and we are done. 

Next we show that if s\, . . . ,s n are parameters in B, then 7 = (si, . . . , s n )B is 
closed. Suppose x E I{T / K l+l )C\B. Let J = (f v . . . J k ) l B. Since J + I is closed, 
we have x = y + z with y E J and z E I. It suffices to show that y E I, and 
we may reduce to the case where z — 0. Write a; = E a ™ s m for a rn E T/K l+1 , 
and y = ^2 bjUj 1 ^ with &j G T/K t+1 . In T/K t+1 wc have the equation E a mS m — 
Y^bjVj = 0- Using Lemma H~2l we may assume 6j G (s\, . . . , s n ){T / K l+1 ) for 
every j, and therefore reduce to the case where x E JI(T/K l+1 ). This allows us 
to write x = E c j cr j 8 '' with each Cj E I(T/K i+1 ). As J is closed, we also can 
write x = Yl^j cr j with dj E B. Hence ~ c j) a ^ ~ 0- It follows that 

dj — cj E K/K %+1 for each j. For fixed j we have Cj + K E R because dj E B, and 
it is also in the closure of (si + K, . . . , s n + K)R. However, ideals in R are closed 
and so we have elements e±, . . . , e n E R with Cj + K = E e m (s m + A'). We next 
choose a preimage e$ m E B for each e m . Since oj Cj = E e m( s »« + f° r 
each j, we have x E I. 

Next we show that any ideal I of -B which is primary to the maximal ideal of B 
is closed. Since I is primary to the maximal ideal, it necessarily contains an ideal J 
which is generated by a complete system of parameters. We have just seen that J is 
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closed. Since B — > T/m 2 is onto, so is the map B — > T / (m? + K l+1 ) for all j > 1 
(see, for example, the proof of Proposition 1 of |H2j ) . Let J" denote an ideal of T 
generated by a set of preimages in T of a generating set for J. Now for some j we 
have m- 7 C (K 1+1 + J*)T, so that the map B — > T/(K l+1 + J»)T is also onto. Thus 
T/K i+1 = J(T/K l+1 ) + B, and we have I{T/K l+1 )r\B = (IJ (T / K i+1 ) + 1) D B C 
J{T/K l+1 ) r\B + I = J + I = I as desired. 

According to the remark following Lemma 21 in |H2j . if the finitely generated 
ideals in B are not all closed, then either there exists an ideal / of B which is 
not closed and whose closure is primary to the maximal ideal, or there exists an 
infinitely generated prime ideal P fl B for P £ Spec T/K 1+1 . To see that neither 
of these situations can occur, first note that since both of the maps B — > A and 
T/K l+1 — > T/K l have nilpotent kernels, there are natural bijections SpecB <-> 
SpecA and SpecT/K l+1 SpecT/A' 4 . Suppose that / is an ideal of B which 
is not primary to the maximal ideal of B. Thus / is contained in a non-maximal 
prime ideal of B, and one of our bijections tells us the same is true for the image / 
of I in A. As T/K l is the completion of A, this means that I(T/K l ) is contained 
in a non-maximal prime ideal of T/K l . Then we invoke the other bijection to see 
that I{T / K l+1 ) is not primary to the maximal ideal of T/K l+1 and so the closure 
I(T/ K l+1 ) n B of / is not primary to the maximal ideal of B. Thus if / is an 
ideal of B whose closure is primary to the maximal ideal of B, then / is primary 
to the maximal ideal of B 7 and hence is closed by the proof above. For the other 
case, P fl B is necessarily the closure of a finitely generated ideal J of B, since all 
ideals oiT/K l+1 are finitely generated. As each fj becomes nilpotent in T/K l+1 , 
we see that • • • , /fe) C PP\ B. Therefore P n B is also the closure of the finitely 
generated ideal J + (/i, . . . , //.), which is closed by the proof above. This forces 
P fl B to be finitely generated. □ 

Lemma 1.4. Let (T, m) be a Cohen- Macaulay complete local ring, be 
a T-regular sequence contained in m 2 , and K = (/i, . . . , fk)T. Further suppose 
that T/K has dimension one. Let Ri and R be local subrings of T/K l and T/K, 
respectively, with i > 1 such that 

(1) R is an integral domain, 

(2) T/K 1 and T/K are naturally isomorphic to the completions of Ri and R 
respectively, 

(3) fi + K\ . . . , fk + K l are in Ri, and 

(4) We have the following commutative diagram with surjective vertical maps 



T/K 



i+i 



c 



T/K 1 



Ri 



C 



T/K 



R 



Then there exists a local subring Ri+i ofT/K l+1 such that T/K l+1 is naturally 
isomorphic to the completion of Ri+i, fi + K t+1 , . . . , fk + K l+1 are in Ri+\, and 
the commutative diagram above may be completed to one with surjective vertical 
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maps 

Ri+i — ^ T/K l+1 
Ri =-»» T/K 1 



R T/K 

Proof. If wc construct Ri+i containing fi+K i+1 , . . . , fk+K z+1 such that the upper 
square is commutative with surjectivc vertical maps and Ker(Ai+i — > T/K) = 
(fi + K l+1 , . . . , fk + K l+1 )R i+1 , then the previous lemma completes the proof. We 
let J J denote fj + K i+1 for 1 < j < k. 

Consider the set of subrings B of T/K l+1 satisfying the following conditions: 

(1) (a) 7i,---J*efl 

(b) In addition, if Char(T/A) = p > 0, C p C B where C is the full 
preimage of Ri in T/K l+1 . 

(2) The image of B under the map T/K l+1 — ► T/K 1 is contained in R t . 

(3) Ker(B — > T/A) C (7i, • • • J*)* -1 ^). wher e tt : T/A l+1 — > T/A* is 
the natural projection. 

This set can be ordered by inclusion. Wc claim that this set contains a maximal cle- 
ment, a claim we will prove by Zorn's Lemma. To see the claim, first we must show 
that the set is nonempty. In the characteristic zero case, let Bq = Z[f 1 ,..., f k }. Ob- 
viously B satisfies Conditions (1) and (2). As Ker(B — > T/K) = (f 1 , . . .,J k )B , 
Condition (3) also holds. 

In the characteristic p case, let Bo = C p [f 1 ,...,f k ]. Conditions (1) and (2) 
are clear for Bq. Suppose a G Ker(i?o — > T/K). Then a = ^2cj<7j with each 
Cj G C p and {o~j} ranging over a set of distinct monomials in the fj. To show 
Condition (3) for B , it suffices to show Cj<7j £ (f 1 ,...,f k )ir~ 1 (R i ) for each j. 
The statement is obvious unless <jj = 1, so we may assume a £ C p . Suppose 
a + K l+1 e C is such that a? + K l+1 e K/K t+l . Then the induced map C — > R 
takes a + K l+1 to a nilpotent element of the integral domain R. So a <E K. Hence 
a + K l = (oi + K l ){h + K l ) + ■ ■ ■ + (ojt + K')(f k + A 1 ) with each a t € T. As T/K* 
is the completion of Ri, we may actually choose ai,...,ak so that each a,j + K l 
is in Ri\ so a 3 + K' l+1 G 7r _1 (Ai). Let e = J2 a jfj an( i note that a + A' 1+1 = 
(e + A' +1 ) + (d + K i+1 ) with d G A 1 . Finally, since d 2 G A t+1 and pd G A 4+1 , 
(a + A l+1 )P = (e + A' i+1 r G (/ l7 . . . J^n' 1 (R t ). 

We have thus shown that in any characteristic, the set is nonempty. Next we 
consider the union of an ascending chain of elements in the set. The union obviously 
satisfies Condition (1) and the other two conditions can be viewed as elementwise 
conditions. Since these hold for every set in the union, they must hold for the 
union. Thus, by Zorn's Lemma, the set contains a maximal member B. 

Next we claim the map B — > Ri is surjective. If not, let Ai = Image(£? — > Ri) 
and let A = Image(i? — > R). We choose r* G Ri — Ai and let r be the image 
of r" in R. If we lift r" to a preimage r G T/K l+1 , we have natural surjections 
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B[r] — > Ai[r$] — > A[r] fitting into the diagram 

B ^ B[7\ = ^ T/K* +1 

:; !! !! 

c u c c 

r»] Ri —~ T/K 1 

r]^^R ^T/K 

where since -Aj[r"] properly contains Ai, B[r] properly contains B. We will show 
that r can be chosen in such a way that B[r\ satisfies the three conditions. This will 
contradict the maximality of B and so prove the claim. As the first two conditions 
hold for an arbitrary choice of r, we need only consider Condition (3). 

Note that Ker(B[r] — > T/K) = Ker(S[r] — > A[r\) since R injects into T/K. 
We have a natural presentation 

A[X]/I ^ A[r] 

For h(X) £ B[X] we let h(X) denote the polynomial in obtained by reducing 

the coefficients of h(X) modulo K l , and by h(X) the polynomial in A[X] obtained 
by reducing the coefficients of h(X) modulo K. 

If h(X) e B[X], then h(r) 6 Ker(B[r] — > T/K) precisely if t{X) e I. So 
the proof reduces to showing that h(r) £ . . . , f k )TT~ 1 (Ri) whenever h(X) G /. 
First we consider the case h(X) = 0. By Condition (3) for B, all of the coefficients 
of h(X) are in (f 1 , . . . , f k )n~ 1 (Ri) and so h(r) £ (/ l7 . . . , f k )ir~ 1 (Ri) regardless of 
which lifting r we choose. In particular, we note that Condition (3) holds for B[r\ 
if J=(0). 

Assume I (0). Suppose g(X) £ B[X] is such that ^ g(X) £ I and g(X) 
is of minimal degree among all such polynomials. As B — ► A is surjective, every 
element of / has the form h(X) and so g(X) also has minimal degree among the 
set of nonzero polynomials in /. Since R is an integral domain, g(X) is a (not 
necessarily monic) minimal polynomial satisfied by r over the quotient field of A. 

Claim. We may choose g(X) and r so that g(r) £ . . . , f k )ir~ 1 (R i ). 

Either g (r) — or ~g (r) ^ 0. The first case will occur precisely when A C 
A[r] is not a separable extension, something which can happen only if T/K has 
characteristic p and g(X) has degree at least p. In this case (r) p £ B, so we may 
choose g(X) = X* - (r)? and we see that g(r) = £ (f lt . . . J k )'R- 1 {R l ). The 
claim actually holds for any choice of r. 

In the second case, we choose our minimal polynomial g(X) arbitrarily but we 
must select r carefully. Since g(r) £ K/K l+ \ g(r a ) £ ^r(7i), • ■ • ,j(fk))( T / Ki )- 
Further, as T/K 1 is the completion of Ri, g{r^) £ (ir{fs), ■ ■ ■ ,ir(f k ))Ri. So we 
may choose elements jj £ -r:^ 1 {R i ) such that g(r&) = Y^^if j^ilj)- Let {crj"^} 
be the images in B of the distinct monomials of degree m in the f\, . . . , fk- Then 
we have elements oij £ T / K l+1 such that g(r) = fjlj + J2 a j^ a j- ^ s s'( r ) 0; 
R/(g'(r))R is zero-dimensional and so Ri/(jj'(r$))Ri is also zero-dimensional. Since 
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zero-dimensional local rings are complete, the induced map 

is an isomorphism. It follows that T/K % = Ri + g 1 '(r")(T '/ 'K % ) and by taking 
preimages we see T/K t+1 = n^ 1 (Ri) + g'(r)(T/K l+1 ). There exists for each j, 
f3j £ n~ 1 (Ri),tj £ T/K' l+1 such that aj = f3j + g'(r)tj. We now claim that the 
desired condition holds if wc choose the lifting r? = r — oftj. Taking the Taylor 
series expansion of g(X) about f we have 

9{r2) = g{7)-g'{r)Y. a T t i 

= E7^ + E4 i) K--^'(^)) 

This completes the proof of the claim. 

To derive our contradiction, it only remains to show that, for the choice of r given 
by this claim, if h(X) £ B[X] with t(X) £ I, then h(r) £ (f 1 ,...J k )TT- 1 (R i ). 
Choosing b £ B—K/K i+ to be a sufficiently high power of the leading coefficient of 
g(X), we can write bh(X) = h 1 (X)g(X) + h 2 (X) where h x (X), h 2 (X) £ B[X] and 

h 2 (X) is a polynomial of lower degree than g(X). Since h(X) £ I and g(X) £ I, 
we have h 2 (X) £ I. By degree considerations h 2 (X) = and, as we noted above, 
this yields /12(F) S (fi,... 7 f k )n~ 1 (Ri). Further, as hi(r) £ n~ 1 (Ri) and g(r) £ 
(7i> • ■ • ) /fe) 7r_1 (- R j) ! wc actually get bh(r) £ (f 1 , . . . , f k )it~ 1 {R i ). Additionally, we 
note that since b maps to a nonzero element of R and every nonzero element of R 
is regular on the completion of i?, i.e., T/K, b = (e + K l+1 ) where fx, . . . , e is 
a regular sequence in T. It follows that & is a regular element on T/K m for every 
m < i + 1. 

To get h(r) £ ( f 1; . . . , f k )TT~ 1 (R i ), we will actually prove a more general state- 
ment which allows the coefficients of h(X) to be arbitrary elements of T/K l+1 . 
Using reverse induction on m, for m = we will show that if h(X) £ 

(T/K i+1 )[X], b £ B - K/K i+1 , and bh{r) £ (f lt . . . J k ) m n- 1 (R i ), then h{r) £ 
• • • j /fe) m ' 7r_1 (-^)- First consider m = i. Here we have bh(r) = Y a j dj with 
each dj £ TT^ 1 (Ri). Also, as b is regular on T/K l , we have h(r) = Y u j c j with 
each Cj £ T/K l+l . It follows that Y.vftycj - dj) = and so & Cj - d, £ K/K i+1 . 
Thus Tr(dj) £ (n(b) : irQ 1 ),...,TT{j k )){T/K i ). As T/A' 4 is the completion of R4 
and so ideals are closed, we get n(dj) £ (n(b),n(f {),... ,ir(f k ))Ri. Thus there 
exists dj £ ir^ 1 (Ri) such that n(dj — bdj) £ K/K l . Of course, we then have 
dj — bdj £ K/K l+1 and so (dj — bdj) = 0. So bh(r) = Y, a jbdj, gi ym g 
= Y a ^f >a j £ (/l) • ■ • 1 fk) l ' K ~ 1 (Ri)- Next assume that m > 1 and that we 
have already demonstrated the m + 1 case. As before, we have bh(r) = Y a j dj 
with each dj £ ir~ 1 (Ri) and h{r) = Y, a j c j with each Cj £ T/K' l+1 . Again this 
gives Y a j y° c j ~ dj) = and so bej — dj £ K/K l+1 . As before, this gives us an 
element aj £ 7r _1 (i?i) such that ir{dj —bdj) £ (7r(/i), ■ • ■ , n(f k ))Ri. Thus dj —bdj £ 
(A, . . .JjOtt-W + A'VA^ 1 . Then a^ m \dj - & % ) e ft, . . . J^tt" 1 ^)- 
Finally wc define fc(A) = M^-E^'V Then &fc(r) = £ aj m) (2j -6 £ ^ m) aj = 



ARE COMPLETE INTERSECTIONS COMPLETE INTERSECTIONS? 



9 



a j (dj — bcij) <G (/i, . . . , /fc) m+1 7r 1 (Ri). By the induction assumption, k(r) S 
(7i> • • • J k ) m+1 TT- 1 {R i ) and so h{r) £ (f 1} . . .J k ) m n- l (Ri) as desired. The m = 1 
case is actually the result we need, the final piece in the demonstration of our con- 
tradiction. 

We have shown that we can choose B satisfying the three conditions such that 
B — > Ri is surjective. Let Ri+i = B. Condition (3) gives Ker(i? i+ i — ► T/K) C 
(/i,...,/fc)7T -1 (i2j). As R4+1 — > Ri is surjective, we now have Ker(i? i+ i — ► 
T/K) C (/i, • . • J k )(R l+ i + Kcr(T/A l+1 — > T/K 1 )) = (f 1: . . .J k )R t+1 . □ 

Theorem 1.5. Let (T, m) 6e a Cohen- Macaulay complete local ring, fx, ■ ■ ■ , fk be a 
T '-regular sequence contained in m 2 , and K = (/i, . . . , fk)T. Further suppose that 
T/K has dimension one. Let R be an integral domain which is a local subring of 
T/K such that T/K is naturally isomorphic to the completion of R. Then there 
exists a local subring SofT with /i, . . . , /jt £ S such that T is naturally isomorphic 
to the completion of S and we have the commutative diagram with surjective vertical 
maps 

S ••• > T 

n\s 

R T/K 

Proof. We apply the previous lemma a countable number of times to obtain a 
sequence of surjections 

• ■ ■ — ► Ri+i > Ri Ri-i — > ■ ■ ■ — ► Ri — > R 

where 7r^ : T / K l+l — > T/K 1 is the natural map and pi = ^1^. This sequence 
of maps forms an inverse system and the inclusion maps Ri — > T/K 1 define a 
morphism of inverse systems. Let S = lim^ Ri be the inverse limit of the Ri. 
Elements of s G S have the form s = (s, + K l ) € Y[ Ri with Sj € T and Sj+i + K l = 
Si + K l for all i > 1. Since T is complete in the A-adic topology, the natural 
map T — > lim.j_ T/K 1 taking t to (t + K l ) is an isomorphism. We will therefore 
identify the element x of T with (x + K l ) e hm<_ T/K 1 . It follows that we get a 
commutative diagram with surjective vertical maps 



R — T/K 

First we show that the induced map on direct limits ip is injective. Suppose that 
V>(s) = in T for s = (s 4 + L\ % ) E S. This means that s 4 + A* = A'* for all i, and 
so (sj + A'') = (A 4 ) which is the zero element in S. 

Since /_,• + K l e A, for all i, and 1 < j < k. We have fa = (fa + K l ) e 5 for 
1 < i < fc- It follows that we also get all monomials comprised of the fj in S. 

To show that S is quasi-local with maximal ideal m PI S, we show that every 
element of S — m has an inverse in S. Let x = (x, + A 1 ) 6 S-m. Since each Ai is 
quasi- local with maximal ideal m/A l n Ri, and Xi + K % e A; — (m/A l n Ai), we have 
inverses yi + K l E Ri — (m/A' ? TlA;) of a-^ + A' 4 in A 2 : for each i. We just need to show 
that yi +K 1 ^ 1 = A 1-1 for all i > 1, for then the element (yi + K 1 ) will be the 
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inverse of x in S — m. We have Xii/i — 1 G K l , and it follows that Xi-iyi — 1 G if 8-1 . 
By uniqueness of inverses in we see that m + K l ~ x = yi-i + K %_1 . 

If we show that S — > T/m 2 is onto and ITP\S = I for all finitely generated ideals 
I of 5, then we may apply Proposition 1 to complete the proof. As R — > T/m 2 is 
onto, certainly S — > T/m 2 is onto. 

Now let yi, . . . ,y n be elements of S, with yj — (y^i + K l ) 1 and I the ideal of 5 
they generate. Choose x = (x t + K l ) G IT PI S. Then x% + K i G I{T/K l ) n i?; for 
all i > 0. 



Claim. There exists a positive integer N and {tj.i\i > 0, 1 < j < n} C T such that 

(1) i,-, * + JsT^+i+l G 

(2) tj, i+ i + K" = t jti + K\ and 

iN+i 



(3) x N+l + K N+i = £ ^Z/^+i + A' w +' in Jfc 



for each j and for all i > 0. Assuming the claim, conditions (1) and (2) imply that 
(tj.i + K l ) G 5. Condition (3) implies Xi + K % = J^tj.iUj-i + K % f° r * > 0; which 
means that {x% + K l ) = ^Zitj,i + K z )(yj,i + K l ) G I, and thus Z is closed. 

Proof of the claim. By Artin-Rees there exist an integer N such that IT n K N+t = 
K l (K N fl IT) for all i > 0. We prove the existence of the tji by induction on i, 
beginning with i = 0. 

Since finitely generated ideals in Rn+i are closed we have I{T/K N+1 )nR N+1 = 
7i2jv+i- Therefore there exists {ij o} ^ such that 

+ A N+1 = t 3 m,N+i + K N+1 

with tjfi + K N+1 G Rn+i- Of course then, 

xjv + K N = tjfiVj.N + K N . 

Now suppose we have successfully chosen < j < n} and we want to find 

< j < Ji}. Since finitely generated ideals of -Rw+i+i are closed, there exists 
£ T such that 

2;^+,+! + K N+i+1 = Uj^N+i+i + K N+i + l 

and Uj : i + K N+l+l G i?jv+i+i ■ This equation together with 

XN+i+1 + A = tj,iy 3 ,N+t+l + K 

yields 

5>w - t 3 -,i)%,Jv-H+i e KN+i n (/T + X = (A w +* n IT) + A w +' i+1 

= A l (A Ar n/r) + A Ar+i+1 

C K7T + K N+i+1 



Therefore we have Y,{uj,i ~ *j\i)%\iV+»+i + A w + i+1 G K i I(T/K N+i+1 ) n i?jv-N+i- 
Since finitely generated ideals of J?jv+i+i are closed, there exist C T such 

that Wj- j + K N+i+1 G K l (T/K N+l+1 ) n i?Ar +J+ i and 

^iV+i+l 



- tj,i)y jiN+i+ i + K N+l+1 = ^ Vj !i y j!N+i+1 + K' 
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Finally, since Rn+i+2 — > Rn+i+i is onto, we choose tjj+i + K N+l+2 E Rn+i+2 
such that tj i+ i + K N+1+1 = tj A + Vjj + K N+%+1 . It is routine to check that the 
elements {iji+i} do the job and the induction is complete. □ 

Assume that R is isomorphic to T / K. Upon identifying R with its image in 
T/K, Theorem 1 1 . 51 proves the following. 

Corollary 1.6. Suppose that R is a local Noetherian integral domain of dimension 
1. Then R is isomorphic to the quotient of a regular local ring by an ideal generated 
by a regular sequence if and only if R is the quotient of a regular local ring by an 
ideal generated by a regular sequence. 

2. A 3-DIMENSIONAL COMPLETE INTERSECTION THAT IS NOT A COMPLETE 

INTERSECTION 

This section is devoted solely to the construction of an example. The ring R will 
be a three dimensional local domain whose completion is T = R[[x, y, z, w]]/(x 2 + 
y 2 ). The example is far from excellent; in fact, while we do not know whether or not 
there are excellent examples, the non-excellence is a critical aspect of this example. 
The generic point of the singular locus of T, the prime ideal (x, y)T, will intersect 
trivially with R, but R will have uncountably many height two prime ideals Pa 
which are contractions of singular points and in fact singular themselves. Showing 
that R cannot be lifted to a regular local ring will largely consist of showing that 
there is not a simultaneous compatible lifting of the R/P\'s. This particular trick 
certainly requires both non-excellence and dimension at least three. On the other 
hand, there is no reason to believe that the choice of coefficient field was of any 
importance. The construction is easier if one knows the cardinality of the coefficient 
field and choosing R allowed us to use the very elementary polynomial x 2 + y 2 . 

While the construction is rather intricate, the conception behind it is not. We 
build an example with the property that if R can be lifted to a regular local ring S 
contained in R[[x, y, z, w]], then S must contain an element = f(l + zuj + z 2 h + 
xa + yb) where / = x + y 2 and lo E R is known, but we have no information about 
h,a,b. We also equip R with a large collection of prime ideals whose extension to T 
contains (x, y)T and the construction of each of these prime ideals guarantees the 
existence of an element in the lifting which is congruent to / modulo that particular 
prime ideal P. This new element and are unit multiples of each other and so their 
quotient will be in S. So 1 + zlj + z 2 h E R/P and it follows that z(uj + zh) E R/P. 
We will construct R so that z G R and so u + zh is in the quotient field of R/P. 
We can't control h but we do know that, for some fixed value of h. uj + zh must be 
in the quotient field of R/P for every one of the primes we construct. So, for every 
possible value of h, we construct a prime ideal Ph such that uj + zh is transcendental 
over R/ Ph and so certainly not in the quotient field. This contradiction rules out 
the possibility of a lifting. 

We begin with a lemma. It is a minor variant of Lemma 3 from [Hl| and the 
proof is substantively the same. 

Lemma 2.1. Let (T, m) be a local ring which contains an uncountable field F, let 
C C SpccT, and let D C T. Let I be an ideal of T with I £ P for all P EC. If 
\C x D\ < \F\, then I <£ \J{r + P\r E D, P G C}. 
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Moreover, if t £ I — Upec P ( an d such a t must exist), then there exists u £ F 
such that tu £ \J{r + P\r £ D,P £ C}. Further, ifD'cT is such that \D'\ < \F\, 
then we may additionally choose u ^ U{ r + m l r S D'}. 

Proof. We first prove I \J{P\P £ C}. It suffices to prove I \J{P + mI\P £ C}. 
By Nakayama's Lemma, I <t. P + ml for any P £ C. Letting V = I /ml, we have 
reduced the problem to showing that if a finite-dimensional vector space V over 
T/m is the union of |C| subspaces where |C| < |T/m|, then one subspace must be 
all of V. This is surely well known and the proof is even written out as part of the 
proof of Lemma 3 in [Hlj . 

To prove the lemma, it suffices to prove the second paragraph. We choose an 
element t £ I - \J{P\P £ C}. Then, for any (r, P) £ D x C, we have tu £ r + P 
if and only if it = i~ 1 r modulo P. If r + P £ (t + P)(T/P), then tu <£ r + P. 
Otherwise, tr l r = s modulo P and we can obtain tu ^ r + P by choosing u ^ s + P. 
For each such pair (r, P) , we choose a coset representative s and we label the full 
set of coset representatives D*. Then \D* U D'\ < \C x D\ + \D'\ < \F\ and so 
we can choose u £ F such that it ^ s modulo m for any s £ D* U D' . Clearly 
u £ \J{s + P\s £D*,P £ C}\J{r + m\r £ D'} and so tu <£ \J{r + P\r £D,P £ C} 
and u £ Ul r + m l r e D'}. 

□ 

We repeat a definition from |Hlj . 

Definition 2.2. Let (T, m) be a complete local ring and let {R,mC\R) be a quasi- 
local unique factorization domain contained in T satisfying: 

(1) \R\ < sup(H , |T/m|) with equality only if \T/m\ is countable, 

(2) Q n R = (0) for all Q £ Ass(T), and 

(3) if t £ T is regular and P £ Ass(T/tT), then Height(P n R) < 1. 
Then i? is called an N-subring of T. 

In the present circumstances, we will let T = TL[[x , y , z , w]] / (x 2 + y 2 ). Here 
condition (2) of N-subring is vacuous and condition (1) is just \R\ < |R|. 

Definition 2.3. (R, T) is called an N-pair if R is an N-subring of T and F is a set 
of pairs {(P\, V\)\\ £ T} with {Pa} a distinct set of primes such that, for every A, 

(1) z,w £ R 

(2) (x,y)TnR=(0) 

(3) Pa = {x, y, z + u\w)T for some u\ £ R fl R 

(4) Va CP and \V X \ < \R\ 

(5) the images in T jP\ of the elements of V\ are algebraically independent over 
P/P A n R 

(6) if Q x = P\ H P, then Q\Rq x = (x + aA^y + Pxt\,t x )RQ x for some 
«a, /?a S R where £a = 2 + 

Note that the requirement that the elements of the set {P\} be distinct and of the 
specified form forces |T| < |P|. In practice, V\ will always be a singleton set, but 
the additional generality does not require any extra effort. 

Lemma 2.4. Suppose R is an N-subring ofT, v £ T , A = {(Pa, Va)| A £ A} where 
each P\ £ Spec T and each V\ is a subset of T, H is a finite subset of the set of 
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height one prime ideals of T which have the form rT for r G R, and I is an ideal 
ofT. Let G = {P G Ass{T/rT)\r G R} and A = {P A |A G A}. Assume 

(1) I for every P G A U (G - H) 

(2) if P' G H, then P' P for every P G A 

(3) |A| < \R\ and \V X \ < \R\ for every A 

Then there exists an element d G I such that if S is the intersection of T with the 
quotient field of R[v+d], S is an N-subring ofT such that, for each A G A, the image 
of v + d in T/P\ is transcendental over (R/ P\ n P)[Va] and for each P G G — H, 
the image of v + d in T / P is transcendental over {R/P fl R) . Moreover, if I = tT 
is a principal ideal, we may choose d = tu with u G R and u /z U{ r + m l 7 ' £ D'} 
for any prescribed set D' with \D'\ < R|. 

Proof. Let C = A U (G - H). For each P G G, we define a subring A(P) of T/P. 
If P i A, A{P) = R/P n R. If P = P A G A, A(P) = (P/P A n P)[F A ]. In either 
case, A(P) has cardinality at most \R\ and so the same is true for the algebraic 
closure of A(P) in T/P. Let Dp be a complete set of coset representatives modulo 
P of {t G 7> + i is algebraic over A(P)}. Therefore \D P \ < \R\. Now |G| < |P| 
and so also, if D = \Jp e c D P thcn \ D \ ^ 1^1' and finall y |G x P| < \R\ < |R|. 
Hence we may apply Lemma 12.11 to choose d G / so that the image of v + d in 
T/P, is transcendental over A(P) for every P G G. We use this choice of d to 
define S". The construction immediately forces the image of v + d in T/P\ to be 
transcendental over (R/P\ f) R)[V\] for each A G A and the image of v + d in T/P 
to be transcendental over (R/PflR) for each P G G — H. Additionally, in the case 
where / = tT is principal, Lemma 12.11 allows us to choose d = tu so that the final 
statement of the lemma holds. 

It only remains to show that S is an N-subring. Suppose P G Ass(T/tT) for some 
nonzero t G T. If PnP = (0) and Q = PnS, then P (0) [w+rf] cS Q C R[v+d} {0) and 
Sq is either a discrete valuation ring or a field. In either case, Hcight(P fl S) < 1. 
If P n P ^ (0) then P G G. If P G G - P and Q = P n S 1 , the fact that u + d is 
transcendental over R/(PP\R) tells us that is the localization of Rpnn[v + d] at 
the unique prime ideal minimal over PHP. Thus Q is a height one prime ideal of 
S principally generated by the generator of P n P. Finally, if P G H, there exists 
r G P such that P = rT. Then Q = PC\S (ZrT and since rT n 5 = rS, we see that 
Q is also a principal height one prime ideal of S. This shows that condition (3) of 
N-subring is satisfied and that is the only one of the three enumerated conditions 
that needs to be checked as |5| = |P|. We also note that the intersection of a local 
domain with a subfield of its quotient field is always quasi-local. To prove S is a 
UFD, we may first invert any known principal prime elements and so reduce to the 
case where our ring is a localization of P( ) [v + d] and so is of course a UFD. Thus 
S is an N-subring of T. 

□ 

Remark 2.5. As we will repeatedly employ Lemma T2.4[ it seems useful to give a 
quick summary of how it is used. We start with a ring P (which is always obvious 
from the context) and must specify v, A, H, I. The lemma then gives us an element 
d and a ring S satisfying the properties we need. 

Remark 2.6. The reader may have noted that the proof did not require H to be 
finite, nor did it require hypothesis (2). However, as any nonzero ideal / can be 
contained in at most finitely many members of G, none of which are contained in 
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A, these hypotheses place no restriction on the situations in which Lemma 12.41 can 
be used. The hypotheses are critical in the next two lemmas. 

It will be useful if we can describe S more precisely. 

Lemma 2.7. Let S be the N-subring obtained in Lemma \2.J\ and let n — v + d. Let 
g £ mnR[ri] be a prime element of R[rf\. If g £ R, then g is a prime element of S. 
If g £ R, then there is an element r £ R, possibly r = 1, such that every height one 
prime ideal of T which contains r is in H, and g/r is either a prime element or 
a unit of S . Consequently, if H — {r{T, . . . , r n T} with each ri £ R and t = Y[ fi, 
then there exists a domain L such that R[rj\ C L C R[ri,t ] and S = £ mn L- In 
particular, if H = %, we have S = -RMmniiM- 

Proof. The fact that prime elements of R remain prime in S was noted in the proof 
of Lemma 12.41 So suppose g £ R. As g is prime in R[ij\, no height one prime ideal 
of R contains all of the coefficients of g. By construction, r\ is transcendental over 
R/P fl R for every P £ G — H and so g £ P. As H is finite, it follows that we can 
find r £ R such that g/r £ S, g/r ^ P for every P £ G and every height one prime 
ideal of T which contains r is in H . Now, to determine the prime factorization of 
g/r, we can safely invert all nonzero elements of R. This localization of S must be 
an overring of the principal ideal domain Ar[?y], where K is the quotient field of R, 
and so a localization of K [rj]. As g/r is a prime clement of K [rj\, it is cither a prime 
element or a unit in S. Now let L = R,[r), t -1 ] n S. Let c £ S. As S is contained in 
the quotient field of R[rj\, we can write c = a/b with a, b £ R[rj\ and express both 
as a product of prime elements of R[rj\. We then alter the factorizations slightly, 
replacing each g £ m n R[ri] by the corresponding g/r, which is an element of L. 
(We actually write g = (g/r)r, so a, b do not change.) After canceling common 
factors, b is necessarily a unit in 5* and since a, b £ L, S is a localization of L. The 
final statement is now obvious. □ 

Definition 2.8. If and (R 2 ,T 2 ) arc N-pairs such that R 1 C R 2 , Ti C T 2 , 

and = |i?2|, we say (R 2 ,T 2 ) is an A-extension of (Ri,Ti). 

Lemma 2.9. If (R,T) is an N-pair, then any application of Lemma \2.4\ with TU 
{((x,y)T,®)} C A will produce an N-subring S such that (S, T) is an A-extension 
of(R,T). 

Proof. We must show (S,T) is an N-pair; certainly |S| = \R\. To do this, we need 
only check the six conditions and conditions (l)-(4) arc obvious. Consider any 
A £ r. By lemma |2"771 S is a localization of i?[r/,t _1 ] n S and since t £ P\, Sp^ns 
is a localization of Rln,^ 1 ] and so a localization of Rp xn n[r]]. Let K\ denote the 
quotient field of R/P\ fl R. As 77 is transcendental over K\, it follows that the 
quotient field of S/P\ D S is just K\{rj). The fact that r\ is transcendental over 
-K"a[Va] tells us that V\ is algebraically independent over K\(n) and so condition 
(5) holds. Finally, since «Sp A nS is the localization of i?p A ni?W at the extension of 
the prime ideal (P\ n R)Rp xn n, condition (6) is also satisfied. □ 

Lemma 2.10. Let (R,T) be an N-pair and suppose Q £ SpecT is a height two 
prime ideal. If Q ^ P\ for all X £ T, then there exists S , R C S C T , such that 
(S, r) is an A-extension of (R, T) and Q (~\ R ^ P\ for any A £ T. 

Proof. Let A = T U {((x, y)T, 0)}, let v = 0, and let I = Q. Now apply Lemma EQ1 
with H = to find an N-subring S = i?[d] m n_R[ci] which clearly satisfies the conclu- 
sion as d £ Q — U P\. □ 
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Lemma 2.11. Let (P, T) be an N-pair and v G T. Then there exists S , R C S CT , 
such that (S, T) is an A-extension of (R, T) and there exists c E S with v — c £ m 2 . 

Proof. Let A = TU{((x, y)T, 0)} and let I = m 2 . Now apply LemmaliOlwith H = 
to find an N-subring S which contains c = v + d and the result is immediate. □ 

Lemma 2.12. Let (P, T) be an N-pair, c G R, I a finitely generated ideal of R and 
c G IT. Further suppose that I ^ P\ for all (P\,V\) G T. Then there exists S, 
R C S C T , such that [S, T) is an A-extension of (P, T) and c G IS. 

Proof. Let A = T U {((x, y)T, 0)}. If I is contained in a height one prime ideal 
of T, because R is a UFD, / = bJ with J not contained in a height one prime 
ideal of T. It suffices to prove the lemma with J in place of / and b~ l c in place 
of c, and so we may assume / is not contained in a height one prime ideal of T. 
Choose any nonzero yi G /. As y\ ^ (a;, y)T , y\ G P\ if and only if P\ is minimal 
over (x,y,yi)T. Hence y\ G Pa for at most finitely many A. By the usual prime 
avoidance lemma, we can find y2 G / such that (yi,y 2 )R is contained in no P\ 
and in no height one prime ideal of T. We then choose 7/3, . . . ,y n G I so that 
/ = (j/i, . . . , y n )R. As c G IT, we may write c = ^2 y^ti with each t{ G T. We now 
apply Lemma uT4l with v = t%, H = 0, and (y\,y2)R playing the role of /. Since 
d G (yi,y2)T, this allows us to find a new expression for c as a linear combination 
of yi, . . . ,y n with £3 replaced by £3 + d and with suitably altered values of t\ and 
i 2 . Hence, by enlarging R, we reduce to the case £3 G R. We proceed similarly with 
ti,...,t n . So c — £31/3 — • ■ • — t n y n G {yi,y2)T and so it will suffice to prove the 
lemma in the case / = (y\,y2)R. 

The proof in this case closely resembles the proof of Lemma uT4l Let A = {P\ \ A G 
A}, G = {P e Ass{T/rT)\r G R}, and C = A U G. For each P G C, we define a 
ring A{P). If P i A, A(P) = i?/P n P. If P = P A G A, A(P) = (P/P A n P)[F A ]. 
In each case, A{P) has cardinality at most \R\ and so the same is true for the 
algebraic closure of A{P) in T/P. If yi £ P, let Dp be a complete set of coset 
representatives modulo P of {t G T|i2 + £yi is algebraic over A(P)}. If yi G P, 
then y2 ^ P and we let Dp be a complete set of coset representatives modulo P of 
{t G T\t 1 -ty 2 is algebraic over A(P)}. Therefore \D P \ < \R\. Now |C| < \R\, and 
so also if D = \J PeC D P , then \D\ < \R\, and finally \C x D\ < \R\ < |R|. Hence 
we may apply Lemma 12.11 to choose t G T so that either the image of t 2 + ty\ in 
T/P or the image of t\ — ty 2 in T/P is transcendental over A(P) for every P G C. 
Let 5* be the intersection of T with the quotient field of R[t 2 + tyi], which is also 
the intersection of T with the quotient field of R[ti —ty 2 ] as c = t\yi+t 2 y 2 . Clearly 
c = Vi{ti — ty2) + y2(t 2 +tyi) G IS. Verifying that (S,T) is an N-pair follows the 
same steps performed in the proof of Lemma 12^11 and of course \S\ = \R\. 

□ 

Lemma 2.13. Let R be an N-subring of T with quotient field K. Suppose P G 
Spec T and Q = P n R. Then R Q = T P n K . 

Proof. Certainly, as R — Q C T — P, we have Rq C Tp fl K. If the reverse 
containment fails, there exist a, b G R with a/6 G Tp — Pq. As P is a UFD, we may 
express a and 6 as products of prime elements and, canceling if necessary, we may 
assume a, 6 have no common factors. Further, we may delete any prime elements 
not contained in Q as they will not affect membership in either Rq or Tp. Finally, 
let p be any factor of 6 — one such must exist. As p G Q, p G P, and so there 
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exists a height one prime ideal Pi of T which is contained in P and contains p. 
Now a/6 £ Tp implies a/p £ Tp C Tp 1 which implies a £ Pi n R = pR. But p, a 
are relatively prime elements; this contradiction completes the proof. □ 

Lemma 2.14. Let (Rq,Tq) be an N-pair. Let Q be a well-ordered set with least 
element and no maximal element. Suppose that for every a £ fl, \{/3 £ Sl|/3 < 
a}| < |R|. Let j(a) = sup{/3 £ fi|/3 < a}. Suppose {(R a ,T a )\a £ £1} is an 
ascending collection of pairs such that if 7(a) = a, i/ien i? Q = (Js<a P/3 and r a = 

) is an A-extension of (i? 7 ( a ), r 7 ( a) ). TTien 
(5, r) = ((Ji? Q ,(jr Q ) satisfies all conditions to be an N-pair except the cardinality 
condition. Ln fact, \S\ < sup(|i?o|, 1^1) o- n d so (S,T) is an N-pair if |fi| < |R|. 

Proof. We replace ft by 0' = fi U {(} with C > a for all a £ 0. Let (i? c , T c ) = 
(S, r). The lemma then follows if we can show that for each a £ SI': (R a ,T a ) 
satisfies all conditions to be an N-pair with the cardinality condition replaced by 
\R a \ < sup(|i?o|, £ < o:} I ) . We do this by transfinite induction, the case 
a = being trivial. 

First note that since our proof will show that we have N-pairs all along the 
way, A-extensions are permissible. Now assume the induction hypothesis holds for 
all j3 < a. If 7(a) 7^ a, it holds immediately for (R a ,T a ) by the definition of A- 
extension. Therefore assume 7(a) = a. R a is an N-subring of T by |Hli Lemma 6]). 
(Alternatively, the reader may check the straightforward details directly.) Certainly 
T a has the form {(Pa, Va)| A £ T} and so it only remains to check the six conditions. 
Conditions (l)-(4) are trivial. For condition (5), note that if the images of the 
elements of V\ are not algebraically independent over R a / P\HR a , there is a relation 
which necessarily involves only finitely many elements of R a . Hence there exists 
j3 < a such that each of these elements is contained in Rp and (Pa, V\) £ Tp. This 
would contradict the fact that the images of the elements of V\ arc algebraically 
independent over Rp / P\ f] Rp and so condition (5) holds. Likewise, for condition 
(6), if a £ Qx{Ra)Q x we can find /3 < a such that a is in the quotient field of Rp 
and (P\, Vx) £ Tp. Let Q x p = P\ DRp. By lemmaEH (P q )q a and (P^)q A(3 are 
the intersection of Tp x with their respective quotient fields and so a £ Q\p{Rp)Q x/3 - 
Thus we have a £ (x + a\t x , y + fi\t\, t\){Rp)Q xft C {x + a x t\, y + P\t x , t x ){R a )Q x . 
Therefore condition (6) holds as well. □ 

Lemma 2.15. Let R be an N-subring of T . If u>,h £ T are such that uj +~zh 
is transcendental over R as an element of T/(x,y)T, then there exists a subset 
£ R such that \ty\ < \R\ and whenever u £ R — ^, uj + ~zh is transcendental over 
R/(x, y, z + uw)T n R as an element of T/(x, y, z + uw)T '. 

Proof. We choose \& to be the set of real numbers that make the element algebraic 
and all that remains is to bound the cardinality of ^. Now u £ if r n (us + zh) n + 

h To £ (x,y,z + uw)T for some r n , . . . , tq £ R, not all of which are contained in 

(x, y,z + uw)T. Since the number of finite ordered subsets of R is equal to \R\, we 
can restrict our attention to a single ordered subset, that is, we can fix r n , . . . , ro and 
ask when S = r n (ui + zh) n + ■ ■ ■ + ro £ (x,y,z + uw)T. As uJ + ~zh is transcendental 
over R as an element of T/(x,y)T, 5 ^ (x,y)T. Therefore (x,y,z + uw)T must 
be minimal over (x, y, 5)T, something that can be true for at most finitely many 
values of u. This completes the proof. □ 
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Lemma 2.16. Let (R,T) be an N-pair. If u,h £ T are such that Zu + ~zh is 
transcendental over R as an element of T/(x,y)T, then there exists u G R and a 
ring S = R[u] mn R\ u ] , such that {x, y,z + uw)T fl R = (0), {S, T) is an A-extension 
of (R, T) , and uJ + ~zh is transcendental over R as an element of T/(x,y, z + uw)T . 

Proof. First we use Lemma \2. 151 to find a set "Ji so that u ^ \&i will give ZD + ~zh is 
transcendental over Rj (x, y,z + uw)T n R as an element of TJ (x, y,z + uw)T. Let 
* 2 = G R|(x,y, 2 + uw)TnR ^ (0)}. As (x,y)T C\ R = (0), no element of R 
can be contained in infinitely many prime ideals of the form (x, y, z + uw)T and so 
|* 2 | < \R\- Let A = r U {{{x, y)T, 0)}. Now we use Lemma[lUwith v = 0, I = R, 
and H = to find the desired S. Since t = 1, we can choose u = d G R— ($iU$2)- 
By Lemma [2771 S has the described form. 

□ 

Lemma 2.17. Let t, = z + tiio for some u G T and te< P = (re, y, t)T = (r, s, t)T 
for some r, s G T. Suppose F is a subfield of the quotient field of T , £ G T, and 
P is i/ie intersection of Tp with the quotient field of F[r, s,t,£\. Further assume 
s 2 G F[r,t,^] + sF[r,t,l], r 2 + s 2 G tT, and E = L PnL where L = F[r, t, £, s, t' 1 ] n 
T[f]. If there exists o~i,o~2,o~3 G T with 01,02 algebraically independent over F as 
elements of T/P such that £ = o~\r + <J2S + a^t, then E = F[r, s,t, £](r,s,t,C) • 

Proof. We first show that F[r, s, t, £] n tT[F] = tF[r, s, t, £]. As F[r, s, t, £] C T[F], 
one containment is clear. For the reverse, let g G F[r,s,t,£\ n £T[P]. As s 2 G 
^[7-, t, + sF[r, t, £}, we may assume g G F[r,t,£] + sF[r,t,£] and since the terms 
involving t are certainly in tF[r, s, t, £] , we may assume g G P[r, £] + sF[r, £] . In this 
case, we will show that g = 0. If g 0, we can write g = g n +gn+i + ' ■ - +5m as a sum 
of homogeneous polynomials in r, s,£ with g„ the nonzero homogeneous summand 
of lowest degree (n). We have gr n = -(flr„+i + • ■ • + ff m ) + 3 G P" +1 T[P] + tT[F] 
and we will see by induction that no nonzero homogeneous polynomial of degree 
n is in P n+1 T[F] + tT[F). This is obvious for n = as in that case g n G F. For 
n > 0, we can write g n (r,s,£) = f\r n + / 2 sr n_1 + £/i(r, s, £) where /i,/2 G F 
and h is a homogeneous polynomial of degree n — 1. As £ — {air + 02s) G £P- 
we can replace £ by uyr + 02s, giving g n {r, s,a\r + 02s) = f\r n + f2sr n ~ 1 + 
{air + a 2 s)h{r, s, a x r + a 2 s) G P n+1 T[F] + tT[F\. Using the relation r 2 + s 2 G tT, 
g n = e\r n + e^r 11 ^ 1 s modulo tT and necessarily e\,e2 G PT[F]. However, ei,e2 
are polynomials over F in 01,02 with respective constant terms fi,f 2 - As 01,02 
are algebraically independent over F, ei,e 2 must both be identically zero and so 
fi = /2 = 0. Therefore g„ = Next we take advantage of the fact that, 

modulo tT. £(<Tir — cr 2 s) = cr 2 r 2 — cr|s 2 = {a\ + cr|)r 2 and cr 2 + a\ £ P. Now 
g n {air-a 2 s) G (P" +1 + tT)(r, s)T[F] c (r™+ 2 , r' l+1 s, t)T[P]. So ^(^r - ct 2 s) = 
h{al + o-l)r 2 G (r n+2 ,r n+1 s,t)T[P]. Finally, as (r n+2 , r n+1 s, t)T is a primary ideal, 
we have h G ((r n+2 , r n+1 s, t)T : T[F] r 2 ) = {r n ,r n ~ 1 s,t)T[F] and by the induction 
assumption, h = 0. This contradiction shows that there can be no nonzero g n and 
so F[r, s, t, £] n tT[F] = tF[r, s, t, £]. 

It follows that L = F[r,s,t,£]. The result is now clear. □ 

Lemma 2.18. Let t = z + uw for some u G T and let P = {x,y,t)T Let F 
be a subfield of the quotient field of T and suppose for r, s,£i G T that D = 
F[r, s, t, £i](r,s,i,fi) * s ^ e intersection of Tp with the quotient field of F[r, s, t, £1]. 
j4ssMme P = (r, s, i)T and r 2 + s 2 G tT. Further assume 
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(1) s 2 G F[r,t] + ^F[r,t] + sF[r,t}. 

(2) Si, 5 2 , t, <ti, (72 G T are algebraically independent over F as elements of 
T/P. 

(3) £1 = <Jir + 5 2 s + (5 3 t loiift 5 S G T. 

(^J #3 = f (61,62) where f(Xi,X 2 ) G H T)[Ai, A2] is a polynomial in two 
indeterminates. 

Let d\ = 5i + ait, d 2 = 62 + (T2t, and d 3 = <5 3 — o\r — 02s. Let £2 = /(di,^) — 
d 3 . Then if E denotes the intersection of Tp with the quotient field of D[d\,d2\ 
and E = Lp n ^ where L = F[r, t, £1, s, d\, d2, t^ 1 ] H T\F[d\, (I2)], we have E = 
F(d\, d2)[r, t, £2, s ](r,t,£ 2 ,s) ■ Moreover we have 

(1) s 2 G F(di , d 2 ) [r, t] + &F(d! , d 2 ) [r, t] + sF(di , d 2 ) [r, t] . 

(2) a\,G2,T G T are algebraically independent over F(di,d 2 ) as elements of 
T/P. 

(3) £2 = <y\T + (J2S + er 3 £ with <t 3 G T. 

(4) 03 = g(o~i,o~ 2 ) where g(Xi, X2) G (F(di,d 2 )[t]nT)[Xi, X 2 ] is a polynomial 
in two indeterminates. 

Proof. As 61,62 are algebraically independent over F as elements of T/P and we 
have di = 8i modulo P for each i, it follows that di, o?2 are algebraically independent 
over F as elements of T/P and so F(di,d2) C E. As £1 = d\r + c?2S + d 3 i, d 3 is 
in the quotient field of E, and so d 3 G E. It follows that £2 G E. By taking the 
Taylor expansion of /(di,^) about (61,62), we see that £2 = —<h + /(di,d2) = 
— £3 + air + <7 2 s + (/(<5i, 5 2 ) + icr 3 ) where cr 3 G n T)[ai,a 2 ,5i,6 2 ] = 
(F[t]nT)[ai,a2,di,d 2 ] C (F(di, d 2 )[t] HT)[ai, a 2 \. Conclusions (2), (3), (4) are now 
clear. Also, as £1 = dir + d 2 s + d 3 t G F[di, r] + sF[d 2 ] + &F[t] + F[di, d 2 , t], we get 
s 2 G F[r, t] + ^F[r, t] + sF[r, t] C F(di , d 2 )[r, t] + £ 2 F(di , d 2 )[r, t] + sF(di , da) [r, t] . 
So conclusion (1) also holds. Finally, as d 3 = f(di,d 2 ) — £2 and £1 = dir + 
d2S + d 3 t, we observe that E, being a localization of L, is also a localization of 
F(di, d 2 )[r, s, t, £2, t^ 1 ] r\T[F(di,d 2 )]. We now apply Lemma [2~T71 to complete the 
proof. □ 

Lemma 2.19. Let (R,T) be an N-pair. Suppose ((x,y, z)T, {u}) G T and also 
suppose h G T such that uj + zh is transcendental over R as an element ofT/(x, y)T. 
Then there exist elements u, a, 0, fi, v G R and r, s, t, A, B, C, q G T, and a ring S , 
R C S C T, such that the following nine conditions hold. 

(1) t = z + uw 

(2) r = x + at 

(3) s = y + (3t 

(4) A = tfi + rq- 2a(l + tq) 

(5) B = tv + sq - 2£(1 + tq) 

(6) C = -rfi -sv + (a 2 + /3 2 )(1 + tq) 

(7) R[u,r,s,t,A,B,C] C S 

(8) q = 

(9) (S, r U ((x, y, t)T, \uj + zh}) is an A-extension of (R, T) 

Suppose instead that R = Q[z, w]( zw j and T = 0. Here we may set u = and find 
such a ring S and an element lo G R satisfying conditions (l)-(7) with the last two 
conditions replaced by 

(8 ) q = LO 
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Proof. To prove this result, we must choose elements a, ft, /j,, v S R, as well as 
either u or to, depending on the form of R. Then we define r, s, t, A, B, C, q so that 
Assertions (1-6) and Assertion (8) are satisfied. Satisfying Assertion (7) is easy and 
so the only real obstacle is Assertion (9). The basic plan is to obtain S = [J Ri 
with (i?j + x,r) an A-extension of (Ri, T) for every i. Then, by Lemma \2. 141 (S,T) 
is an A-extension of (R, T) and it only remains to adjoin one more element to T. 
Throughout the proof, P will denote the prime ideal (x, y, t)T and Qi will denote 
P n R{. To verify that (P, {uj + zh}) satisfies the necessary properties to allow it 
to be adjoined to T, we really do not need to understand S, only the simpler ring 
Spns- 

We will deal with both cases simultaneously although we must note a few differ- 
ences along the way. In the u = case, as \R/(x, y, z)T n R\ < \T / (x,y, z)T\, we 
may choose uj £ R such that uj is transcendental over Rj (x, y, z)TC\R as an element 
of T/(x,y,z)T. Then, by setting h = in the u = case, the two assertion (9)'s 
become identical. For the transcendental case, we begin by applying Lemma 12.161 
to get the appropriate element u and an extension R\ of R satisfying all conclusions 
of that lemma; in particular, u S R\ and (R\,T) is an N-pair. For the u = case, 
we simply let R\ = R. Either way, with t = z + iim and P = (x, y, t)T, we see that 
Qi = P n R\ = tR\. Moreover, if F is the quotient field of R in the transcendental 
case or Q(w) in the u = case, (R^Q! = F[t](t)- Wc clearly have uj + zh tran- 
scendental over Ri/Qi as an element of T/P. Next we claim that tT ^ P\ for all 
A e T. Certainly the only possible P\ which can contain it is (x,y,t)T. In both 
cases, there is no such P\ by hypothesis. Hereafter, except for the construction of 
Ri, the two cases will be handled identically. 

Now set A = T U {((x, y)T, 0)} and A = {P\\\ £ A}. As tT is a principal prime 
ideal of T, we can set H = {tT} and then tT P' for every P'eAU(G-ff). In 
fact, we will use H = {tT} and this choice of A in every application of Lemma [2^41 
contained in this proof. Here we apply Lemma 12.41 with v = x and / = tT to find 
d = at so that if Ri is the intersection of the quotient field of R\ [x + at] with T, 
(i?2,r) is an N-pair. Further, we may choose a £ R so that a is transcendental 
over (Ri/Qi)[u) +~zh] as an element of T/P. Similarly wc apply Lemma \2 .41 to R-2 
with v = y and I = tT to find d = (3t so that if R$ is the intersection of the quotient 
field of i?2[y + (3t) with T, then (R3, T) is an N-pair. We choose (3 £ R so that f3 is 
transcendental over (Ri/Qi)^ + zh,a] as an element of T/P and transcendental 
over (R 2 /tR2)[a] as an element of T/tT. Therefore we have u,r,s,t E R3. 

We have not yet chosen /1, v G R, but it is useful at this time to perform a 
calculation which will be valid for any choice of /1, v. We claim that r 2 + s 2 + Art + 
Brt + Ct 2 = 0. The verification of the claim is a straightforward calculation. For 
future reference, we will actually perform the calculation in R[[x, y, z, w]]. This 
makes sense as all of the elements involved are contained in R + xR + yR + zR + 
w)R C T and so have natural liftings to R[[x, y, z, w]]. After noting r 2 = x 2 + 2art — 
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a 2 t 2 and s 2 = y 2 + 2/3 st — (3 2 t 2 , we have 
r 2 + s 2 + Art + Bst + Ct 2 

= (x 2 + y 2 ) + rt(A + 2a) + st(B + 2(3) + t 2 (C - (a 2 + (3 2 )) 

= (x 2 + y 2 ) + rt(t(i + rq- 2tqa) + st{tv + sq - 2tq/3) + t 2 (-r^ - si> + tq(a 2 + (3 2 )) 
= {x 2 + y 2 ) + rt(rq - 2tqa) + st(sq - 2tq(3) + t 2 (tq(a 2 + f3 2 )) 
= (x 2 + y 2 ) + tq(r 2 - 2rta + t 2 a 2 + s 2 - 2stf3 + t 2 1 ) 
= (x 2 +y 2 )(l + tq) 

This element is of course zero in T since x 2 + y 2 = 0. For now, what this means 
is that r 2 + s 2 e tT and so Y 3 = -(r 2 + s 2 )/t E i? 3 . We will next establish the 
properties of i?3 that we need. 

As observed above, Qi = tRi and ui + zh is transcendental over R\/Qi as an 
element of T/P. Next we claim that r is transcendental over Ri/tRi as an element 
of T/tT. If not, x is algebraic over Ri/tRi as an element of T/tT. So we have 
r n x n + • • • + ro G tT with r n , . . . , fo € R±, r n tR%, and n minimal. As x 6 P, 
fo G Qi = tR\. Thus the relation continues to hold if we replace ro by 0. However, 
now we can divide by x and reduce the degree of the polynomial, contradicting the 
minimality of n and so proving the claim. It follows from this and Lemma 12.71 that 
R 2 = RiMmnR^r] and so we have (i? 2 )Q 2 = F[r,t]( r>t ). 

We claim that R3 is just a localization of i?2[^3,s]- By Lemma [2.71 R3 is a 
localization of a subring of R2 [s, t^ 1 ] and so of course also a localization of a subring 
of R 2 [Y 3 ,s,t- 1 ]. Thus, we need only show R 2 [Y 3 ,s] n tT = tR 2 [Y 3 ,s]. Using 
(4), (5), (6), which are valid equations in T for any choice of /x, v, we see that Y3 = 
Ar+Bs+Ct = (r 2 +s 2 )q+(l+tq)(-2ar-2/3s+(a 2 +l3 2 )t) and so, as r 2 + s 2 = -tY 3 , 
we have Y 3 = (l + tq)- 1 (l+tq)(-2ar-2f3s + (a 2 + f3 2 )t) = -2ar-2/3s + (a 2 +f3 2 )t. 
We next show that Y 3 is transcendental over i?2/ii?2 as an element of T/tT. It 
suffices to show this with ar + (3s in place of Y3. Since r G R2 and s 2 = — r 2 
modulo tT, s is a nonzero element algebraic over R2/tR2- Hence, if I3 is algebraic 
over i? 2 /ti?2 and so also algebraic over R 2 /tR 2 [a\, (3 is algebraic over R 2 /tR 2 [a] , 
contradicting our choice of (3. Of course, Y 3 is also transcendental over R 2 /tR2\s\ 
as an element of T/tT. Now suppose g G flap^, s] PI tT. As s 2 G iJap^], we may 
write g = (afcS + bk)Y 3 + • • • + (aos + bo) for some integer k and each at, 6, G R 2 - 
As Y3 is transcendental over R 2 /tR2[s], each m + b^s G tT. Now we will have 
R 2 [Y 3 , s] DtT = ti?2[y3, s] if we can show a,, 6 2 ; G <i?2 = <J 1 ni?2- If not, either a» or 
&i or both is not in (r m ,t)T for sufficiently large m and so is also not in (r m ,t)i?2 
for sufficiently large m. Choosing m maximal so that a,,&j G (r m ,t)i?2, we may 
write Oi = c,r m + c»i and b. t = d ir m + d,t. As {tT : T r rn ) = tT, a + d t s G tT 
and Ci,di are not both contained in (r, t)i?2 = <?2- But c, G (s,t)T P\ R 2 C Q 2 = 
(r,t)R 2 and this forces di G ((r, t) :r 2 s) C Q 2 - This contradiction proves each 
cij,&i G ii?2 and completes the proof of the claim that R 3 is just a localization 
of i?2[V3,s]. This means then that R 3 is just a localization of R\\r, s,Y 3 ] and so 
( r 3)q 3 = F[r,s,t,Y 3 ]^ s . t ,Y 3 )- 

Next, let ^ 3 = rq-2a(l+tq), B 3 = sq-2/3(l + tq), and C 3 = (a 2 + (3 2 )(1 + tq). 
Since we chose a, f3 so that a,(3,uj +~zh are algebraically independent over F as 
elements of T/P, clearly A 3 ,B 3 ,uj +~zh are algebraically independent over F as 
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elements of T/P. In the q = case, we also have C 3 = (1/4)(A§ + Thus, for 
n = 3 and q = 0, with £3 = F, we have the following: 



(1) (i?„,r) is an N-pair 

(2) (R n )Q n = F n [r,s,t,Y n }( rtSt t tYn ) 

(3) Y n = A„r + _B„s + C n t with A„, C n 6 T such that j4„, B n , cj + zft, are 
algebraically independent over F n as elements of T/P 

(4) s 2 € F n [r, i] + F„F„ [r, f] + sF„ [r, t] 

(5) C n G (F„[i]nT)L4 n ,B n ] 



In the q = uj case, (l)-(4) are satisfied. 

We will construct an ascending union of N-subrings R3 C R4 C R5 C • • • , each 
of the same cardinality, such that R n satisfies conditions (l)-(5) for every n > 4 
along with the additional condition that Y n -\ G (r, s, i)i?„. Note that Lemma \2. 131 
tells us that (R n )Q n is the intersection of Tp with the quotient field of R n , a fact 
which allows us to freely use Lemmas 12 . 1 71 and 12. 181 in our construction process. 

We now describe the construction of R n . We wish to adjoin elements A n = 
An-i + tai n and B n = S„_i + t(T2n- To do this, we may apply Lemma T2.4I twice 
with I = tT and v = A„_i, -B ra -i respectively to get an extension R n with (Rn, T) 
an A-extcnsion of T) and A n , B n G R n . In defining these extensions, we can 

and do impose additional conditions on o\ n and oi n . We choose ct\ n G R to be tran- 
scendental over (R n -i / Q n -i)[u] + zh, A n -i, B n -i\ as an element of T/P. Likewise 
we choose oi n G R to be transcendental over (R n —i/Q n —i)[oj+~zh, A n — 1, B n -i, a\ n ] 
as an element of T/P. Thus oj + zh, A n -\, -B„_i, <J\ n , am is a set of algebraically 
independent elements over R n -i/Q n ^\. Since A n ^\,B n -\ are algebraically inde- 
pendent over F„_i as elements of T/P, F n = F n _i (A n , B n ) is a field contained in 
(Rn)Q n - We also note that if Cn = C n -\ — ra± n — so2n, Yn-i = A n r+B n s+C n t and 
so C n is in the intersection of T with the quotient field of R n , giving C n G R n and 
thusF„_i G (r,s,t)R n . By Lemma l2.71 i?„ is a localization of i?„_iL4„, B n , i _1 ]nT. 
So (R n )Q n is a localization of F„_i [r, s, t, Y„_i, v4„, B„, i" 1 ] (IT. If satisfies 
conditions (l)-(5), we get the full hypothesis of Lemma 12.181 when we consider 
the situation D = (T?„_i)q ti1 , t = lu + zh, £1 = Y„_i, and <5i, 62,63 equal to 
A n -i, B n -\, C„_i respectively. It immediately follows that R n also satisfies con- 
ditions (l)-(5). Of course, Y n is the element £2 specified in the conclusion of that 
lemma and A n , B n , C n equal o\, 02, 03, respectively. 

In the case n = 4, q = u>, we must check conditions (2)-(5) directly. We define 
Y 4 = Ci - (1/4) (Al + B\), A A = qa -a u , B 4 = q/3 - a 2i , and C 4 = {t/A)(A 2 A + 
Bj) + (1/2)(A 4J 4 4 + B4B4). Since A±,B± G F4, condition (5) is immediate. 
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To see condition (3), we simply calculate, first noting that A 4 + 2A 4 t = rq — 
2a — to\ 4 and B 4 + 2B 4 t = sq — 2(3 — ta 24 . 

Y 4 - A 4 r -B 4 s- C 4 t 

= C 4 - (1/4)(I 2 + B 2 4 ) - A 4 r - B 4 s - {t 2 /A){A 2 + B 2 4 ) - {1/2){A 4 A 4 + B 4 B 4 )t 
= C 4 - (1/4)(2 4 (1 4 + 2A 4 t) + B 4 (B 4 + 2B 4 t)) - A 4 r - B 4 s - (t 2 /4)(A 2 + B 2 ) 
= (a 2 + f3 2 ){l + tq) - ra u - sa 24 - (1/4) (rg - 2a(l + tq) + ta 14 )(rq -2a- ta l4 ) 

- (l/4)(sg - 2/3(1 + tq) + ta 24 )(sq -2/3- ta 24 ) - r{qa - a l4 ) - s{qf3 - f7 24 ) 

- (t 2 /4)(a 2 14 + o 2 4 - 2q(a u a + a 24 (i) + q 2 (a 2 + /3 2 )) 
= -(l/4)(rV - Aarq - t 2 af 4 - 2atq(rq - ta 14 ) 

+ s 2 q 2 - Af3sq - t 2 a\ 4 - 2f3tq(sq - ta 24 )) 

- rqa - sq/3 - (t 2 /4)(a 2 A + a\ 4 - 2q(a 14 a + <r 24 (3) + q 2 (a 2 + /3 2 )) 
= -(l/4)(rV - 2atq(rq) + s 2 q 2 - 2f3tq(sq)) - (t 2 /4)(q 2 (a 2 + /3 2 )) 
= -(q 2 /4)((r 2 + s 2 ) - 2t{ar + (3s) + t 2 (a 2 + (3 2 )) 

= -(q 2 /4)(r 2 + s 2 +tY 3 ) = Q 

The rest of condition (3) follows immediately from the construction. 

For condition (4), we first note that C 4 = Y 4 + (1/4) {A\ + B 4 ) £ Y 4 + F 4 . 
Thus y 3 = A 4 r + B 4 s + C 4 t e rF 4 + sF 4 + tF 4 + tY 4 . Hence s 2 = -r 2 - 
tY 3 £ F 4 [r,t] + Y 4 F 4 [r,t] + sF 4 [r,t\. Wejdso note Y 3 G F 4 [r,t,Y 4 , s}. Finally, 
by Lemma \2.7l R 4 is a localization of R 3 [A 4 , B 4 ,t~ 1 } n T, so (R 4 )q 4 is a localiza- 
tion of F 3 [r, s, t, Y3, A 4 , B 4 , i -1 ] n T, which forces it to also be a localization of the 
larger ring F 4 [r, s, t, Y 4 , tr 1 ] n T[F 4 }. Now the entire hypothesis of Lemma [2.171 is 
satisfied and we get condition (2). 

Let S = {jR n ; by Lemma [2TT41 (S,T) is an A-cxtcnsion of (R,T). Note that, 
referring to the construction of i?4, if we let fi = an, v = a 24 , A = A 4l B — 
B 4 , and C = C 4 , we have the desired A,B,C G S. Finally, to see that (S, T U 
{((x,y,t)T, {lj + zh})}) is an N-pair, we let Q = P D S and we need only show 
QSq = (r, s, t)SQ and u>+~zh is transcendental over R/Q as an element of T/P. As 
QSq = (r, s, t, Y 3 , Y4, ■ ■ ■ )Sq and each Y„ G (r, s, t)S, the first is true. As uj + zh is 
transcendental over R n /Q n as an element of T/P for every n, the second is true as 
well. □ 



Lemma 2.20. Let (S, {((x, j/, z)T, {w})}) be an N-pair constructed as in the proof 
of Lemma \2.19\ and let m be any positive integer. Then there exist d m , e m G S such 
that (x,y,z m )T={d m ,e m ,z m )T. 

Proof. For any m > 0, we will find d m ,e m G S such that x(l + zlo/2) — d m and 
y(l + zuj/2) — e m are in z m T. That forces d m ,e m G (x, y, z m )T n S and clearly, as 
1 + zlo/2 is a unit, (d m , e m , z m )T = (x, y, z m )T. We will show that we can find c? m ; 
the other case is identical. 

To find G? m , wc first observe x — r — za = r — (z/2)(—A + z/i + rui — 2azuj) = 
r — (z/2)(— A + zfi + xu> — azuj) and so x(l + zuj/2) = r — (z/2)(—A + z(fi — aw)). 
Next recall from the construction that fj, = o 44 = auj — A 4 and so x(l + zus/2) = 
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r-(z/2)(-A+z(-Ai)) =j+(z/2)(A+zA4).J$ow, forn > 5, A n -!+za ln = A n G S 
and A n = o\ n . So A± = A§ — zA$ = A5 — zAq + z 2 Aq and so on. An easy induction 
shows Ai S 5 + z m rforanym. Sox{1 + zoj/2) = (r + zA/2) + (z 2 /2)A i G S + z rn T 
for any m. □ 

Lemma 2.21. Let (R,T) be an N-pair with ((x, y, z)T, {cj}) G T, and h,v G T. J/ 
w + z/i is transcendental over R as an element of T / [x,y)T , then there exists an 
A-extension (S,V), where T' = T U {(P, {uj + zh})} for some P G SpecT, and an 
element c G S such that 

(1) v — c G m 2 

(2) For every finitely generated ideal I of R such that 7 ^ P\ for all A G V , 
we have IT n R C 75. 

(3) If P' is a height two prime ideal of T which is minimal over IT for some 
finitely generated ideal I of R and P' ^ P\ for all A G V , then P' n 5 ^ P\ 
for all A G r. 

Ifuj + zh is algebraic over R as an element ofT/(x,y)T (a case we will later see 
cannot occur), there exists an A-extension (S, T) and an element c G S such that 
conditions (l)-(3) above hold. 

Proof. In the transcendental case, we first employ Lemma 12.191 to obtain an A- 
extension (R 0l V) of (R, T) where V = T U {(P, {lu + zh})} for some P G Spec T 
of the proper form. In the algebraic case, we simply let (Rq,T') = (R,T) and for 
the remainder of the proof, the two cases are identical. Next employ Lemma 12.111 
to obtain an A-extension (R\, T') of (Rq, T') with c G R\ such that v — c G m 2 . Set 
ill = {(I, d)\I finitely generated ideal of R such that I P\ for all A G T' and 
d G IT n R}. Set n 2 = {P 1 G SpecT| Height P' = 2,P' ^ P A for all A G V, and 
P' minimal over IT for some finitely generated ideal / of R}. Set fl — ill U 1^2- 

Clearly |f2| = Well-order fi, letting 1 denote its initial element, in such 

a way that O does not have a maximal element; then it satisfies the hypothesis 
of Lemma [2.141 Next we recursively define a family {i? Q |a G 51} to satisfy the 
hypothesis of Lemma [2.141 We begin with R\. If 7(a) ^ a and 7(a) = (I,d), 
then we choose R a to be an A-extension of R 1 ( a ) given by Lemma 12.121 such that 
d G IR a . If 7(a) 7^ a and 7(a) = P', then we choose R a to be an A-extension of 
R~y(a) given by Lemma [2~TU1 such that P 1 C\ R £ P\ for all A G V . If 7(a) = a, 
choose R a = {Jp <a R/3- Set S = UP*- By Lemma 12.141 and the observation 
that = \R\, we see that (S,V) is an A-extension of (Ri,V). Also, if I is any 
finitely generated ideal of R such that I <t P\ for all A G L' and d G IT n i?, then 
(/, d) = 7 ( a ) for some a G Q. So d G 7-R Q C 75. Thus IT n i? C 75. Likewise, if 
P' 7^ P\ is a height two prime ideal of T which is minimal over a finitely generated 
ideal of R, P' n S is not contained in any P\. 

□ 

Lemma 2.22. Suppose {R,T) is an ascending union of N-pairs. Assume that the 
natural map R — > T/m 2 is surjective and that for every finitely generated ideal I 
of R such that I Gj P\ for all A G T , IT n R — I . Further assume that if P' is a 
height two prime ideal of T which is minimal over IT for some finitely generated 
ideal I of R and P' ^ P A for all A G L , P' n R <£ P x for all A G T. Then R is 
Noetherian and the natural homomorphism R — > T is an isomorphism. 
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Proof. By Proposition 1 of [H2| , it suffices to prove IT H R = I for every finitely 
generated ideal I of R in order to get our conclusion. Suppose the statement is 
false; we may choose a finitely generated ideal J such that JT n R ^ J and JT 
is maximal among such ideals. By our hypothesis, JT C P\ for some A. As no 
(m (~1 i?)-primary ideal is contained in any P\, we have IT n R = I whenever / is 
primary to the maximal ideal. Thus we may apply Lemma 21 of [H2| to see that 
JTnR is infinitely generated. Also, if I is an ideal of R which is infinitely generated 
and properly contains JT n R, there is necessarily a finitely generated ideal Iq C / 
such that / C IqT. Then IoTPiR ^ Iq, contradicting the maximality of JT. Hence 
JT n R is maximal among infinitely generated ideals of R. Cohen's theorem tells 
us that JT n R is a prime ideal Q. It is easy to see that it is the contraction of 
one or more of the associated prime ideals of JT. As the contraction of height one 
prime ideals are principal, it is the contraction of a height two prime ideal which 
is minimal over JT. By the hypothesis, if P' ^ P\ for all A, P' PI R cannot be a 
height two ideal contained in some P\. However, necessarily J, and so also JT, is 
contained in some Pa- So Q = P\ n R for some Ao G T. 

For notational case, let P — P\ a and Q = P n R. Using the notation from the 
statement of Lemma |2.19( Q is locally generated by r,s,t and QT is generated 
by r,s,t. We will show that Q = (r,s,t)R and so contradict the notion that Q 
is infinitely generated, thus completing the proof. Suppose h G Q; we must show 
h G (r, s, t)R. There exists de R-Q, ei, e 2 , e 3 G R such that dh = e\T + e 2 s + e^t. 
We also have tri, er 2 , 03 G T such that /i = a~\r + o^s + o^t. Thus (ei — dci)r + 
(e 2 — d(7 2 )s + (e3 — do^t = 0. It follows that e 2 — dcr 2 £ (( r , : r s ) = -f an d so 
e 2 G P + dT = (r,s,t,d)T. As (r,s,t,d)R is (m n i?)-primary, e 2 G (r, s, t, d)TnR = 
(r, s, t, d)R. We can write e 2 = p[r + p2S + p^d + p' 4 t with p[, p 2 , ^3, p' 4 £ R, and 
setting pi = ei + sp[,p 4 = + sp' 4 , we have d/i = p\r + (p 2 s + p3d)s + p±t with 
Pi, P2, P3, Pa G i?. Now it suffices to show h—p^s G (r, s, and so we can reduce to 
the case p3 = 0. Then, as s 2 G (r, t)R, we can write d/i = Sir + 5 2 < with 61,62 G i?. 
Next observe that P is the unique height two prime ideal of T containing (r, i)T 
and as d £ P, r, t, d is a system of parameters. Therefore, as T is Cohen-Macaulay, 
6 1 G (d, t)T n i?. Now d i P Xo and i ^ P x for A ^ A , giving (d, t)T D R = (d, t)i? 
and 5i G (d,t)R. Therefore dh = (63d + 64t)r + 6%t with 63,64 G R. Finally 
d(h — 6sr) G tR and so h £ (r, t)R as desired. □ 

Theorem 2.23. There exists a local UFD R with completion T such that (R, T) = 
U(i? Q ,r Q ) is an ascending union of N-pairs which satisfies every defining condition 
of N -pair except that \R\ = |R|. Moreover, there is an element u G R such that 
for every h G T , there exists an element (P, {lo + zh}) G T constructed using 
Lemma \2.19[ In particular, we have ((x, y, z)T, {co}) G T. 

Proof. We start with the N-subring i?o = Q[z, w]( z w ) and note that (i?o,0) is an 
N-pair. Then we apply Lcmma l2.19l to obtain an element to G R and an N-subring 
R\ such that {((x,y, z)T, {w})}) is an N-pair. Next let fl be the set TxT, well- 
ordered so that Va G 0, \{f3 G Q\0 < a}\ < |R|. Let 7(a) = sup{/3 G fi|/3 < a}. 
Define an ascending collection of pairs {(R a ,T a )\a G 0} so that if 7(a) = a, 
then R a = \Jp <a Rp and T a = U/3< Q r /3, wnnc ir l( a ) < a > tncn (Pa,r Q ) is 
an A-extcnsion of (i? 7 ( Q ), given by Lemma 12.211 so that if 7(a) = (h,v), 
then i) G i? Q + m 2 and r(a) = T('j(a)) U {(P Q , {w + zh})} whenever cj + zh is 
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transcendental over T/(x, y)T. Of course, if lj + ~zh is algebraic over T / (x, y)T, a 
case we will rule out later in the proof, then v G R a + m 2 and T(a) = r(7(a)). 

Let R = |J R a and T = [jT a . By Lemma [2.141 (R, V) satisfies all conditions 
to be an N-pair except the cardinality condition. We still must show that R is a 
Noctherian ring with completion T to complete the proof of the first statement. We 
do this by showing that R satisfies the entire hypothesis of Lemma 12.221 We begin 
by noting that it is clear from the construction that the natural map R — > T/m 2 
is surjective. Next we claim that if / is any finitely generated ideal of R such that 
I P\ for all A G T, then IT C\R = I. To prove the claim, let / = (y u . . . , y n )R 
and suppose d G IT n R. As yi, . . . , y n , d is a finite set, there exists a such that 
yi, . . . , y n ,d G R a . By Lcmma B.211 we get d G (yi, . . . , y n )R a+ \ and so ITCiR = I, 
proving the claim. Finally let P' be a height two prime ideal of T which is not 
equal to any P\ but is minimal over IT for some finitely generated ideal / of P, 
and consider any specific A G T. Again we let / = (j/i, . . . , y n )P and note that 
there exists a such that y±, . . . , y n G R a and (P\, V\) G r Q . By Lemma I2.21[ we 
get P'ni? a +i ^ P\. Now Lemma [2 . 2 2 1 tells us that R is Noetherian and the natural 
homomorphism R — > T is an isomorphism. 

Finally we show that for each h G T there exists some (P, {u + zh}) G T. 
If not, when we encountered (h, v) in the recursive process, we discovered that 
Lu+~zh G T/(x, y)T was algebraic over the subring R a in use at that time. However, 
asi? Q C R, uj + ~zh G T/(x, y)T is also algebraic over R. We complete the proof by 
contradicting the assumption that u) + zh G Tj (x, y)T is algebraic over R. 

The algebraic assumption gives elements r„, . . . ,r G R, not all zero, such that 
r„(w + zh) n + ■ ■ ■ + r e (x, y)T. As (x, y)T n R = (0), (r„, . . . , r Q )R £ (x, y, z m )T 
for sufficiently large m. Choose m minimal with respect to the property that 
(r„, . . . , r )R (x,y, z m )T. By Lemma [2.201 there exists d,e G R such that 
(d, e, z m )T = (x, y, z m )T. As ideals in R are closed, (x, y, z m )T R R = (d, e, z m )R 
and (a;,y,z m - 1 )r n P = (d, e, z m - l )R. Let J denote (d, e, z m )T. For each j, as 
fj G (x, y, z" l_1 )T, we can write = ajd + bje + CjZ m ~ l with a^, bj, Cj G P. Since 

r n (uj + zh) n -\ hr G J and d, e G J, c n z m - x (u + zh) n H + C0Z™' 1 G J. Thus 

z m_1 (c„tj rl H h Co) G (x, y, z m )T and so c n to n + ■ ■ ■ + c G (x, y, z)T. However, 

by the choice of m, at least one Cj ^ (x, y, z)T. This contradicts the fact that oj is 
transcendental over R/Q. □ 

Theorem 2.24. Lei P be as constructed. Then R is not the homomorphic image 
of a regular local ring. 

Proof. Assume the theorem is false. By the theorem in the introduction, we have 
a commutative diagram 



S 3>R[[x,y,z,w]] 



f 

P R[[z, y, z, w]}/(x 2 + y 2 ) 

Let f = x 2 + y 2 G R[[x, y, z, w]]. Throughout the construction of P, we chose all 
elements of interest to be members of the vector space R+iR+j/R+zR+wR c T. 
For these elements, there is a natural lifting to R[[x, y, z, w]]. Of course, these 
canonical lifts are unlikely to be in S, but we employ them to simplify notation. 
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So for example, if A L denotes a lifting of A, we can write A L = A + fAo for some 
A G R[[x,y,z,w]]. 

Consider ((x, y, t x )T, {u + zh}}) G T. Wc have P x = (x,y,t x )T = (r x ,s x ,t x )T 
with t x = z + u x w, r = x + a x t x , and s = y + j3 x t x . As nearly everything depends 
on A, we will suppress the subscript in our calculations. We begin by lifting the 
equation = r 2 + s 2 + Art + Bst + Ct 2 to the full power series ring. Let A L 
denote the lift of A, etc. and we get an element O in the kernel of 7r|s such that 
9 = (r L ) 2 + (s L ) 2 + A L rH L + B L sH L + C L (t L ) 2 = (r + fp) 2 + (s + fa) 2 + 
(A + fA )(r + fp)(t + fr) + (B + fB )(s + fa)(t + fr) + (C + fC )(t + ' fr) 2 = 
r 2 + s 2 + Art + Bst + Ct 2 + f(2pr + 2as + Arr + Atp + A Q rt + Bst + Bta + 
B a st + 2Ctr + Cat 2 ) + f 2 d where p, a, r, A , B 0} Co £ T and d e T is a sum of 
terms which we don't need to keep track of individually. Recall that in the proof of 
Lemma 12.191 we actually did the calculation in R[[x, y, z, w]] and determined that 
r 2 + s 2 + Art + Bst + Ct 2 = f(l + tq) and so 6 = /(l + tq + (2r + At)p + (2s + 
Bt)<r + (Ar + Bs + 2Ct)T + A rt + B st + C t 2 + fd). As r = x + at and s^y + j3t, 
9 G f(l+tq+(2a+A)tp+(2P+B)ta+(Aa+BP+2C)tT+(x,y,t 2 )T). Also, from the 
defining equations for A, B, C, we see that 2a + A, 2/3 + B, Aa + Bf3 + 2C G (a;, y, t)T 
and so 6 G /(l + tq + (x, y, t 2 )T). 

Now we consider the specific ((x, y, z)T, {w}) G T, which we will refer to as 
A = 0. As qo = uj, we have 8o G f(l + zlo + z 2 h + (x, y)T) for some h G T. 
There is another element in T corresponding to h which it is convenient to denote 
A = h. (Admittedly, we need a different name if h happens to equal zero.) This 
is (Ph, + zh}). Clearly 0/j G f(l + Ph)- As both 9o and 8^ are elements of S 
and they are unit multiples of each other, we see that 8o/8/i G S. The map S — >• 
R — ► R/P h nR clearly takes 0o/6 h to l + zu + z 2 h. Thus z(u + zh) G R/P h T]R. 
This contradicts the fact that w + ~zh is transcendental over R/ PhC\ R, completing 
the proof. 

□ 
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